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The condensation of microdroplets in model systems, reminiscent of atmospheric clouds, is
investigated numerically and analytically. Droplets have been followed through a synthetic turbulent
flow field composed of 200 random Fourier modes, with wave numbers ranging from the integral
scales fOs102 mdg to the Kolmogorov scales fOs10−3 mdg. As the influence of all turbulence scales
is investigated, direct numerical simulation is not practicable, making kinematic simulation the only
viable alternative. Two fully Lagrangian droplet growth models are proposed: a one-way coupled
model in which only adiabatic cooling of a rising air parcel is considered, and a two-way coupled
model which also accounts for the effects of local vapor depletion and latent heat release. The
simulations with the simplified model show that the droplet size distribution becomes broader in the
course of time and resembles a Gaussian distribution. This result is supported by a theoretical
analysis which relates the droplet surface-area distribution to the dispersion of droplets in the
turbulent flow. Although the droplet growth is stabilized by vapor depletion and latent heat release
in the two-way coupled model, the calculated droplet size distributions are still very broad. The
present results may provide an explanation for the rapid growth of droplets in the coalescence stage
of rain formation, as broad size distributions are likely to lead to enhanced collision rates between
droplets. © 2009 American Institute of Physics. fdoi:10.1063/1.3244646g
I. INTRODUCTION
Despite the familiarity of the phenomenon, the develop-
ment of rain showers is not yet completely understood, and
therefore subject to many studies ssee, e.g., Ref. 1 and refer-
ences thereind. In general terms, three stages can be distin-
guished in the process of rain drop formation. First, droplets
are generated by heterogeneous nucleation of water vapor on
submicron sized aerosols which act as cloud condensation
nuclei sCCNsd. Although it has been speculated that very
large condensation nuclei may exist in a cloud,2,3 it is gen-
erally believed that CCNs have a size of the order of
rd=0.1 mm sRefs. 4–6d so that droplets start off at submi-
cron sizes. If the conditions allow, the droplets grow to a
diameter of millimeters in a subsequent stage. Finally, the
droplets are large enough to fall, under the influence of grav-
ity, through the cloud and reach the ground.
The growth process of droplets from submicron scales to
millimeter scales is due to condensation si.e., impingement
of vapor molecules onto a dropletd and due to coalescence
between droplets. While the condensation process depends
mainly on local thermodynamic quantities such as tempera-
ture and supersaturation, the coalescence process is related to
the inertia of droplets or to the occurrence of Brownian
and/or turbulent aggregation.
The effect of inertia is manifested in three phenomena:
sid turbulence-induced preferential concentration of
droplets,7–9 siid decorrelation between velocities of nearby
droplets s“caustics”10d, and siiid gravitational settling with
large droplets overtaking and collecting smaller ones.11,12 In
order to estimate for which of the droplet sizes, inertia-
induced coalescence is important, it is instructive to look at
the Stokes number St, a measure for the droplet’s inertia
compared to the smallest scales of turbulence.13 Here, it is
conveniently expressed as
St =
2
9S rdrmixDS
rd
hk
D2, s1d
where rd denotes the bulk density of the water droplet, rd is
the droplet radius, rmix is the density of the surrounding mix-
ture of vapor and air, and hk is the Kolmogorov length scale.
In atmospheric clouds, typical values of the Kolmogorov
length, velocity, and time scales are hk=10−3 m, vk
=0.025 m /s, and tk=0.04 s,5 respectively. Hence, for drop-
lets of size 10 mm and a typical density ratio of rd /rmix
=103, the Stokes number is approximately 0.02. The settling
velocity vs of these droplets in still air under the action of
gravity swith acceleration g=9.81 m /s2d is vs=St tkg
=0.008 m /s, which is considerably smaller than the Kol-
mogorov velocity scale. Therefore, droplets with radius
smaller than ,10 mm can be expected to closely follow the
turbulent flow in an atmospheric cloud, whereas inertia ef-
fects become important only for larger droplets.
From the above discussion it is clear that Brownian ag-
gregation, turbulent aggregation, and/or condensation are the
remaining mechanisms responsible for the initial growth of
droplets with radii between 10−7 and 10−5 m. For Brownian
or turbulent aggregation, the rate of droplet interception is
proportional with the volume fraction of droplets.5 With an
interdroplet separation distance of 10−3 m typically observed
for atmospheric clouds,5 and assuming a mean droplet radius
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of 10−5 m, the volume fraction associated with the dispersed
droplets is ,10−6!1. Thus, the corresponding rate of aggre-
gation is very small, and therefore, it is concluded that con-
densation must be the dominant mechanism, which is re-
sponsible for the initial growth of droplets of radii between
10−7 and 10−5 m.
To predict the variation in droplet size in the inertia-
induced coalescence stage of growth, a reliable and accurate
description of the droplet size distribution at the onset of this
stage is necessary. In particular, the broadness of the size
distribution may have a profound influence on the coales-
cence rate of droplets, and thus on the time scales involved
in the initiation of rain. Indeed, Bec et al.14 found that the
collision rates in a turbulent flow between polydisperse drop-
lets can be considerably higher than between monodisperse
droplets. This is our main motivation to investigate the evo-
lution of the droplet size distribution during the process of
condensation in atmospheric clouds.
One of the first theoretical studies on droplet condensa-
tion in clouds was published by Twomey15 in 1959. His
theory is based on the assumption that a group of droplets
may rise through a cloud in a parcel of air and remain to-
gether for a long time. The growth law of each droplet in the
parcel can be approximated by drd /dt=G˜ s /rd, where G˜ is a
constant and s is the local supersaturation.1 As the growth
rate is inversely proportional to rd, small droplets grow faster
than large droplets, and therefore, the droplet size distribu-
tion is expected to become narrower as the mean droplet
radius increases. However, this prediction is not in agree-
ment with experimental evidence, which suggests that the
droplet size distributions in atmospheric clouds are broad
even when the droplets are of micrometer sizes ssee, e.g.,
Refs. 2 and 16d.
In recent years, a number of theoretical and numerical
studies on condensation in atmospheric clouds have also
been conducted. Vaillancourt et al.17,18 carried out a direct
numerical simulation sDNSd of condensation in a turbulent
flow, thereby including various physical phenomena relevant
for atmospheric clouds. However, due to the relatively small
sizes of the computational domains used, they observed only
a marginal spreading of the droplet size distribution in Ref.
18. Celani et al.19,20 used a more simplified theoretical
model, which is a generalization of Twomey’s condensation
model15 and includes an approximation of the spatiotemporal
evolution of the temperature and supersaturation fields in
actual atmospheric clouds. Using two-dimensional DNS,
they solved an energy balance for the temperature field and a
liquid-vapor mass balance for the supersaturation field simul-
taneously with the Navier–Stokes equations, while tracking
the condensing droplets in Lagrangian fashion. By employ-
ing this Eulerian–Lagrangian model, they were able to show
that significant spreading of the droplet size distribution may
take place, with the largest droplets situated in regions where
the supersaturation is the highest. Similar results were re-
ported in a more recent investigation by Lanotte et al.,21 in
which a three-dimensional DNS was carried out, using a
model similar to the one employed by Celani et al. in
Ref. 19.
All these numerical simulations are understandably re-
stricted by computational limitations since real atmospheric
clouds are associated with excessively large values of the
Reynolds number and large separations of length scales. For
example, performing a DNS of the turbulent flow in a cloud
with an integral length scale L0=100 m and Kolmogorov
length scale hk=10−3 m would require at least sL0 /hkd3
=1015 grid cells, with billions of droplets that need to be
traced. Such requirements are evidently beyond the capabili-
ties of modern computers. In order to circumvent this prob-
lem, Vaillancourt et al.18 focused on the smallest scales of
turbulence and chose a calculation domain of s0.1 md3.
Celani et al.20 on the other hand did include the largest scales
in their DNS of turbulence, but they were not able to resolve
the smallest scales, despite the two-dimensionality of their
model. The DNS carried out by Lanotte et al.21 provides a
near full resolution of the smallest scales fOs1 mmdg, but
the largest scales considered are less than
1 m. They recover the results for actual cloud sizes
fOs100 mdg by extrapolating their DNS results, using a scal-
ing law involving the microscale Reynolds number.
The basic physics of the role played by turbulence in the
broadening of the droplet size distribution is described by
Celani et al. in Ref. 19. They point out that sid large-scale
motions can transport individual droplets over large varia-
tions in altitude, which results in different droplet sizes for
different droplet trajectories, and that siid small-scale turbu-
lent fluctuations can mix droplets of different sizes. Both
phenomena together result in a broad droplet size distribu-
tion locally, which is essential for the coalescence mecha-
nism to be enhanced.
In the present paper, we propose a fully Lagrangian nu-
merical approach to investigate the condensation of droplets
in a model system, reminiscent of atmospheric clouds. This
allows us to carry out a three-dimensional numerical simula-
tion in which all relevant scales of turbulent motion are taken
into account: from the integral scales fOs102 mdg down to
the Kolmogorov scales fOs10−3 mdg. By assuming the tur-
bulence to be homogeneous, isotropic, and statistically sta-
tionary, we model the velocity field by a kinematic simula-
tion composed of 200 random Fourier modes. In this flow,
the trajectories of a limited number of individual droplets,
contained inside a small sampling space, are calculated back-
ward in time in order to determine their past trajectories.
Subsequently, the size of each droplet along its trajectory is
then calculated forward in time. This approach efficiently
produces a detailed local size distribution without the neces-
sity of integrating the trajectories of billions of droplets in-
dividually, which would have been the case if the usual strat-
egy of following droplets which are uniformly distributed
over the entire domain had been adopted.
Our numerical results demonstrate that the droplet size
distribution becomes broader in the course of time due to
turbulent dispersion of droplets both on large scales and on
small scales. We show that it is essential to take this entire
range of scales into account: Excluding the largest scales, for
instance, does not result in a very broad spectrum of droplet
sizes since all droplets in the simulation experience approxi-
mately the same supersaturation sa result found in Refs. 17,
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18, and 22d. Not taking into account the smallest scales does
not show turbulent mixing of droplets of different sizes on
the smallest scales,20 an effect which is vital for the enhanced
coalescence mechanism. Finally, it is demonstrated that al-
though the effects of vapor depletion and the release of latent
heat slow down the droplet growth, they do not qualitatively
alter the broadening of the droplet size distribution at the
smallest scales.
The present paper is organized as follows. In Sec. II the
physical and mathematical models describing the turbulent
velocity field and the condensation process are discussed.
Two approaches are proposed for modeling the condensation
process: a two-way coupled model in which the droplet
growth has a feedback on the temperature and supersatura-
tion fields, and a simplified model in which the feedback is
neglected. The first part of Sec. III is devoted to the results
for the statistics of droplet dispersion in the turbulent flow
field. Subsequently, results are presented for the evolution of
droplet size distributions, using either the simplified conden-
sation model sSec. III Bd or the two-way coupled model
sSec. III Cd. Finally, the conclusions are formulated in
Sec. IV.
II. PHYSICAL-MATHEMATICAL MODEL
The condensation of droplets in atmospheric clouds is a
very complex process. It takes place if pre-existing CCNs are
allowed to grow due to suitable values of vapor pressure and
temperature. Condensing droplets release latent heat, thereby
increasing the temperature of the surrounding mixture of dry
air and water vapor. Simultaneously, the droplets are trans-
ported by a turbulent flow field over several hundreds of
meters, which itself is affected by the condensation processes
taking place on microscales. A further complication involves
the expansion of a parcel of air as it rises, thereby inducing
nonzero gradients in the density, pressure, and temperature
fields of the mixture. Furthermore, many other phenomena
take place in a cloud, such as additional temperature differ-
ences due to solar radiation sthe higher parts of a cloud re-
ceive more light from the sun than the lower partsd and due
to various chemical processes.4,16,17
Given this complex interaction between various pro-
cesses, the development of a complete physical model,
which takes into account all chemical, thermodynamic, and
hydrodynamic phenomena occurring in actual atmospheric
clouds, is an extremely challenging task. It is therefore not
our intention to simulate an actual atmospheric cloud with all
its intricate physics in this investigation. Instead, we aim to
isolate and understand the influence of turbulence on the
condensation process, for which the use of a simplified
model is more appropriate.
In this regard, the main assumption that we make in the
present research is that the velocity field of the air/vapor
mixture in an atmospheric cloud corresponds to a statistically
stationary homogeneous isotropic turbulent flow in three di-
mensions, independent of the presence of the condensing
droplets. Of course, the presence of droplets is likely to in-
fluence the flow field, e.g., droplet evaporation may act as a
source of kinetic energy due to cooling associated with the
absorption of latent heat, coupled with buoyancy ssee, e.g.,
Refs. 21 and 23d. It is believed that such influences are pri-
marily of importance at the edge of a cloud, where mixing
with dry air takes place. Since our primary goal is to isolate
the influence of turbulence on droplet condensation, we em-
ploy a simplified model which does not include feedback of
the condensation process to the dynamics of the flow field.
Therefore, we model the turbulent flow field by a kinematic
simulation composed of random Fourier modes.24 This ap-
proach has the major advantage that the flow model encom-
passes all turbulent length scales, from the integral scales to
the Kolmogorov scales.
A. Flow field composed of random Fourier modes
The flow of the air/vapor mixture is prescribed by a syn-
thetic velocity field usx , td composed of N random Fourier
modes,24
usx,td = o
n=1
N
fAn cosskn · x + vntd + Bn sinskn · x + vntdg , s2d
where An and Bn are orthogonal to kn so that an incompress-
ible flow field is obtained which varies smoothly in both
space and time. Determination of the random wave numbers
kn, amplitude coefficients An and Bn, and frequencies vn
proceeds in similar fashion as described in Ref. 25 and is
summarized in Appendix A. The prescribed turbulent energy
spectrum is plotted in Fig. 1.
It is noted that the kinematic simulation sKSd of the ve-
locity field in the present investigation does not take into
account the sweeping of the smaller turbulent eddies by the
larger ones, such as is the case in real turbulence ssee, e.g.,
Ref. 26 and references thereind. The absence of this sweep-
ing mechanism may lead to quantitatively different Lagrang-
ian droplet histories compared to actual atmospheric clouds,
and thus the extent to which broadening of the droplet size
distribution occurs may be significantly different. In qualita-
tive sense, however, it is our belief that the present KS is still
able to expose the basic role played by turbulence in the
broadening of the droplet size distribution.
Using the KS-velocity field in Eq. s2d, the droplets are
advected by the turbulent flow like passive tracers. This is a
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FIG. 1. Turbulent energy spectrum used in the kinematically simulated flow
field. The integral length scale is L0=102 m and the Kolmogorov length
scale is hk=10−3 m.
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valid approximation in the present research since we focus
primarily on droplets with sizes 10−7 m,rd,10−5 m, for
which the Stokes number based on the Kolmogorov scales is
0.2310−5,St,0.02, and the ratio between the settling ve-
locity and the Kolmogorov velocity is 0.3310−4,vs /vk
,0.3. Also, the Brownian motion is neglected since Brown-
ian diffusion is much smaller than the turbulent diffusion for
the flow fields that are simulated in this investigation. Thus,
the position of a droplet in the course of time xdstd is given
by
dxd
dt
= ufxdstd,tg , s3d
with ufxdstd , tg specified by Eq. s2d.
B. Two-way coupled droplet condensation model
Let us consider one droplet of mass md, which moves in
a turbulent velocity field usx , td. The droplet is contained
within an air/vapor parcel of volume Vc, which is assumed to
be much larger than the droplet’s volume, but small enough
so that all molecules in the parcel remain together for a long
time, i.e., the diffusive mass and energy transport at the outer
surface of the parcel is neglected. Using this concept, we
derive a model for the growth rate of the droplet. First, we
introduce an expression for the supersaturation in the parcel
based on a mass balance and, subsequently, we present the
equation for the temperature following from an energy bal-
ance. We assume the temperature to remain uniform over the
entire parcel, and that the vapor fully mixes instantaneously
throughout the parcel.
The volume of the parcel Vc can be seen as the volume
of air and vapor available per droplet. It is therefore related
to the droplet number density nd as
Vc = nd
−1
. s4d
If the mass of air inside the parcel is denoted by ma, the mass
of vapor by m
v
, and the mass of the droplet by md, a mass
balance yields
d
dt
sma + mv + mdd = 0,
dm
v
dt
= −
dmd
dt
, s5d
where we have used that only vapor can be transformed into
liquid and vice versa.
Upon neglecting the droplet’s volume, the partial vapor
density r
v
in the air/vapor mixture can be determined by
r
v
=
m
v
Vc
, s6d
and its time derivative along the droplet’s trajectory is
dr
v
dt
=
1
Vc
dm
v
dt
−
m
v
Vc
2
dVc
dt
= −
1
Vc
dmd
dt
−
m
v
Vc
2
dVc
dt
. s7d
The rate of change of Vc is not necessarily zero because the
volume Vc may expand sshrinkd when it is transported to
higher slowerd altitudes. Since in atmospheric clouds ma
@m
v
+md,
5 the evolution of Vc in time can, in principle, be
determined from Vc=ma /ra, where ra denotes the partial
density of air. It can be shown that the variation of ra is so
weak in atmospheric clouds that the influence of the second
term on the right-hand side of Eq. s7d is negligible compared
to the other thermodynamical effects. Thus, we take
dVc
dt
= 0 s8d
and, as a consequence of Eq. s4d, nd can be considered con-
stant as well.
The law describing the condensational growth of a drop-
let varies considerably with the droplet’s size. For very small
droplets si.e., large Knudsen numberd the growth is described
by the Hertz–Knudsen law which includes the so-called
Kelvin effect,4 whereas the growth rate of large droplets si.e.,
for small Knudsen numberd is governed by diffusion. For the
sake of simplicity, we employ the diffusional growth law for
all droplet sizes in the present study, which is similar to the
approach by Twomey,15 Celani et al.,20 and Lanotte et al.21
Although this growth law overestimates the droplet growth
rate for the smallest droplets of size rd&10−7 m, it is accu-
rate for the majority of the droplets in our simulations whose
radius is generally much larger than the capillary length
scale. The diffusional growth law for a stagnant spherical
droplet in a quiescent vapor is27
dmd
dt
= 4prd
2rd
drd
dt
= m˙d = 4prdDvasrv − rv
sd , s9d
where Dva is the binary diffusion coefficient of water vapor
in air, rd is the bulk density of water srd=103 kg /m3d, and
r
v
s denotes the saturation vapor density, which depends on
the temperature: r
v
s
=r
v
ssTd ssee Appendix Bd.
Strictly speaking, Eq. s9d is valid for an isolated droplet
which moves like a passive tracer in a uniform flow field.
Such conditions are generally not satisfied for a dispersion of
condensing droplets carried within a turbulent flow field. In
atmospheric clouds, however, the interdroplet separation dis-
tance ds is typically much larger than the droplet radius dur-
ing the condensation stage, ds,10−3 m@rd,10−5 m,
which means that the condensation process indeed takes
place as if the droplets were isolated from each other. With
respect to the influence of turbulence, it is noted that due to
the velocity gradients in such flow fields, the growth law in
Eq. s9d needs to be modified to account for the presence of a
convective wind which contributes to the transfer of vapor
toward the surface of the droplet.28 The importance of this
convective transport compared to the diffusive transport is
quantified by means of the Peclet number Pe,
Pe;
ucrd
Dva
, s10d
in which uc is the convective velocity of the vapor. Since the
droplet radius is much smaller than the Kolmogorov length
scale srd
max,10−5 m!hk=10−3 md, the local velocity gradi-
ents at the length scale of the droplet are ,tk
−1
, which results
in a convective velocity of uc,rd /tk. With Dva
,10−5 m2 /s under atmospheric conditions, and using a
value of tk,10−2 s as typically reported for the Kolmog-
orov time scale in atmospheric clouds, the resulting Peclet
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number becomes Pe,10−3!1. Thus, the convective contri-
bution in the mass transfer of vapor can be neglected com-
pared to the diffusive transport. Considering the above argu-
ments, it is concluded that Eq. s9d is a valid approximation
for the condensation process in the present investigation.
By introducing the supersaturation s of the moist air sur-
rounding the droplet,
s ;
r
v
r
v
s
− 1, s11d
we can rewrite Eq. s9d as
m˙d = 4prdDvasrv
s
. s12d
The rate of change of the supersaturation can be ob-
tained by differentiating Eq. s11d with respect to time and
making use of Eqs. s7d, s8d, and s12d in order to obtain
ds
dt
= −
s
ts
− ss + 1d
dT
dt
d
dT
sln r
v
sd , s13d
where the vapor depletion time scale ts is given by
ts =
Vc
4prdDva
=
1
4prdDvand
. s14d
An equation for the temperature of the moist air sur-
rounding the droplet can be obtained by considering the con-
servation of energy in the volume Vc. For a system of this
size, the variation of the enthalpy within the volume Vc is
negligible, and therefore the conservation of energy is given
by
d
dt
smaha + mvhv + mdhdd = − sma + mv + mddu · ezg , s15d
where ha, hv, and hd denote the specific enthalpy of the air,
vapor, and droplet, respectively. Equation s15d expresses the
balance between the change in the energy of the parcel and
the work done by gravity, as viscous dissipation and thermal
heat conduction are neglected. Since the supersaturation is
close to zero,5 the liquid enthalpy hd may be approximated
by
hd = hv − L , s16d
where L=LsTd is the latent heat of vaporization. By employ-
ing a caloric equation of state ha=Cp,aT and hv=Cp,vT swith
Cp,i denoting the isobaric specific heat of substance i, see
Appendix Bd, in combination with Eqs. s5d and s16d, Eq. s15d
may be cast into the following form:
dT
dt
=
m˙dL − sma + mv + mddu · ezg
maCp,a + smv + mddCp,v − mddL/dT
. s17d
Since in atmospheric clouds it holds that maCp,a
@ sm
v
+mddCp,v and maCp,a@mddL /dT, Eq. s17d may be fur-
ther simplified to
dT
dt
=
m˙dLnd
raCp,a
− Gu · ez, s18d
where the factor G is the so-called adiabatic lapse rate,5
given by
G =
g
Cp,a
. s19d
The two-way coupled system is now closed and it can be
solved along the trajectory of a droplet in the course of time.
Specifically we need to solve Eqs. s13d and s18d for the su-
persaturation and temperature of the moist air surrounding
the droplet, respectively, and Eq. s12d for the rate of change
of the droplet mass, using some initial conditions for sst=0d,
Tst=0d, and mdst=0d. This system of ordinary differential
equations is augmented by Eq. s14d for the saturation relax-
ation time ts, as well as the expressions for the quantities
Dvasp ,Td, LsTd, and rv
ssTd and the material constant Cp,a,
which are all given in Appendix B. Finally, the parameters ra
and nd can be chosen freely depending on the problem at
hand.
We refer to this model as the “two-way coupled conden-
sation model.” It should be noted that Eq. s13d is actually
very similar to the expression used by Twomey to calculate
the variation in the supersaturation in Ref. 15. Although the
effect of latent heat release had been excluded in that par-
ticular investigation, recent works by Celani et al.20 and Lan-
otte et al.21 do take it into account by means of an appropri-
ate sink term in the balance equation for the supersaturation.
The main difference between our two-way coupled conden-
sation model and those of Refs. 20 and 21 is that the latter
use an Eulerian formulation to describe the evolution in s,
whereas we employ a Lagrangian approach.
C. Simplified droplet condensation model
As can be noted from Eqs. s13d and s18d, the supersatu-
ration changes due to three effects: adiabatic cooling, vapor
depletion si.e., the finiteness of Vcd, and the release of latent
heat by the condensing droplet. The latent heat release and
the vapor depletion term tend to slow down the growth of
droplets and thus have a stabilizing effect on the develop-
ment of the droplet size distribution in rd-space. Adiabatic
cooling, however, is the only mechanism capable of increas-
ing the supersaturation when a droplet is growing. It can
therefore be seen as the only stimulating effect on the con-
densation process. Indeed, adiabatic cooling is widely be-
lieved to be the main source of supersaturation, and therefore
of the condensational growth of droplets in a cloud.1,19
In order to isolate the effect of adiabatic cooling, we
propose a simplified condensation model in which the effects
of vapor depletion and latent heat release are neglected. This
approach has two advantages: First, it allows us to determine
the influence of adiabatic cooling on the development of the
droplet size distribution, without the results being obscured
by secondary effects. Second, in a subsequent stage, the re-
sults obtained with the simplified condensation model can be
compared to the results from the two-way coupled conden-
sation model. Any differences between the results can unam-
biguously be related to the feedback of the droplet growth on
the temperature and supersaturation fields.
The simplified condensation model follows readily from
the two-way coupled condensation model presented in Sec.
II B. If latent heat release is neglected, Eq. s18d reduces to
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dT
dt
= − Gu · ez. s20d
Similarly, if the effect of vapor depletion is neglected, all
terms involving the finiteness of the volume Vc are zero and
Eq. s13d becomes
ds
dt
= − ss + 1d
dT
dt
d
dT
sln r
v
sd = ss + 1dGu · ez
d
dT
sln r
v
sd . s21d
Finally, the droplet growth law is still given by Eq. s9d.
We refer to this model, which is similar to the model
employed by Celani et al.19 as the “simplified condensation
model,” which accounts for condensation in a prescribed
temperature field resulting from adiabatic expansion cooling.
III. RESULTS
A. Statistics of droplet dispersion
Before presenting the results for the condensation mod-
els, we briefly discuss some statistics of the one- and two-
droplet dispersions in the turbulent flow described by Eq. s2d,
with the coefficients given in Appendix A. Here and in the
following, we choose the integral length scale of the flow as
L0=102 m and the Kolmogorov length scale as hk=10−3 m.
In this flow field, the trajectories of droplets in the
course of time are determined by integrating Eq. s3d numeri-
cally using a fourth-order Runge–Kutta scheme. The numeri-
cal time step in all simulations presented here is fixed at
Dt=0.1 /vN so that the motion of a droplet through the small-
est turbulent eddies is resolved with sufficient accuracy. Con-
vergence tests have been done with smaller values of Dt, and
the results for the dispersion or the condensation of droplets
were not significantly different.
First, we investigate the one-droplet dispersion by calcu-
lating the trajectories of 500 droplets in five different real-
izations of the flow field. Each droplet is released at a ran-
dom point xds0d and traced for a time 0# t#104 s, during
which the distance to the point of injection ixdstd−xds0di is
calculated. The square root of the squared distance averaged
over all droplets kixdstd−xds0di2l1/2 is plotted in Fig. 2sad as
a function of time. The result shows that the droplets in an
atmospheric cloud can be transported over distances of the
order of 100 m within a time span of 100 s. In addition, it is
clear that kixdstd−xds0di2l1/2~ t for small values of t, and
kixdstd−xds0di2l1/2~ t1/2 for large values of t, which is per-
fectly in agreement with Taylor’s famous prediction of one-
particle dispersion in a turbulent flow.29
The statistics of the two-droplet dispersion are deter-
mined by releasing 500 pairs of droplets at an initial separa-
tion d0 in five different realizations of the flow. The initial
distance is chosen as d0=hk and the direction of the interpar-
ticle separation vector is selected randomly in three dimen-
sions. The trajectory of each droplet in a droplet pair is cal-
culated from Eq. s3d, and at each time step the distance
between the droplets dstd is measured. Averaging over all
droplet pairs then results in kd2stdl1/2, which is plotted in Fig.
2sbd as a function of time. The separation distance is appar-
ently proportional to t for small values of t, and proportional
to t1/2 for very large values of t. In the intermediate time
range, the separation distance in a turbulent flow should be
proportional to t3/2 when the separation distance is of the
order of the size of the eddies in the turbulent inertial range,
as the classic theory by Richardson30 predicts. Based on our
limited statistics we are not sure whether or not our kine-
matic simulation produces exactly that behavior, but we do
see a range in which kd2stdl1/2~ tp, with p somewhere be-
tween 3 /2, p,3. This result is generally in agreement with
recent literature, such as Thomson and Devenish31 who
claimed p=2.3, and Osborne et al.26 who showed that p may
vary with different choices of the unsteadiness parameter l
fsee Eq. sA7dg.
Regardless of whether or not the current kinematic simu-
lation exactly produces Richardson’s law, it is clear from Fig.
2sbd that two droplets which are initially separated by a small
distance may end up in completely different regions of the
flow after a sufficiently long time. Vice versa, since the equa-
tion of motion Eq. s3d is reversible in time, it also holds that
two droplets which are nucleated at two distantly separated
positions, may end up very close to one another at some
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FIG. 2. sad Lagrangian one-particle statistics, based on simulation data obtained for 500 droplets in five different realizations of the flow field composed of
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instant of time. This concept turns out to be essential for the
explanation of the results obtained with the condensation
models.
B. Results for simplified condensation model
In the present section we discuss the results obtained for
the simplified condensation model. The size of a droplet at a
final time te is obtained in two steps: First we calculate the
trajectory of the droplet backward in time si.e., from t= te to
t=0d, and subsequently, we determine the droplet growth rate
forward in time along this trajectory. In the first step, the
position of the droplet follows from
dxd
dt
= − ufxdstd,tg, xdst = 0d = xdst = ted = xd,e, s22d
with t= te− t running from 0 to te, and ufxdstd ,tg prescribed
by Eq. s2d. The final position xd,e= sxe ,ye ,zedT is specified by
choosing an altitude ze, whereas the horizontal coordinate
sxe ,yed is chosen randomly in a square with sides of length L.
In each simulation, Nd,tot=16 000 droplets are traced back-
ward in time starting from these final positions. This proce-
dure efficiently produces droplet size statistics within the
sampling areas xP f0,Lg, yP f0,Lg, and z=ze at time t= te,
while it avoids the necessity to follow a huge number of
particles uniformly distributed over the entire domain, like in
traditional Eulerian–Lagrangian methods.
Once the trajectory of a droplet is known, Eq. s9d for the
droplet mass mdstd is solved forward in time, starting from
the initial condition mds0d. All droplets are supposed to have
the same size r0=10−7 m initially so that mds0d
= s4p /3drdr0
3
. It is noted that for the simplified model, the
local temperature and supersaturation values are obtained
from a prescribed profile ssee Fig. 3d, for which the data are
obtained from the adiabatic cooling of a parcel of rising air.
The profiles Tszd and sszd are given by
Tszd = Tsz = 0d − Gz and sszd =
r
v
r
v
sfTszdg
− 1, s23d
where the vapor density r
v
is supposed be constant because
its variations are much smaller than the variations in r
v
s
. The
vapor density is therefore set equal to its value at the earth’s
surface. For all the simulations presented in this paper, the
conditions at the earth’s surface sz=0d are taken as Tsz=0d
=20 °C=293 K, with a relative humidity of 50% ss=−0.5d.
Given Eq. s9d, it is obvious that a droplet may shrink to
a mass of zero, if it experiences negative supersaturation for
a sufficiently long time. Physically, this means that it is com-
pletely evaporated. If such happens, the droplet is eliminated
from the calculation and makes no contribution to the size
distribution function.
In Fig. 4 we show the droplet size distribution for
ze=1350 m and a sampling area L2= s500 md2, for seven
different values of te. The distribution function is a Dirac
delta function at te=0 and becomes broader for larger te.
Already after te=20 s, some droplets have reached a size of
tens of microns, which is remarkable because the supersatu-
ration at ze=1350 m is very close to zero ssee Fig. 3d. The
explanation of the spectral broadening lies in turbulent
dispersion:19 Droplets with different histories are located in
the sampling space situated at altitude ze at time te. Droplets
which have been at higher altitudes have experienced higher
supersaturations and thus have grown more than droplets
which have been at lower altitudes. The ongoing broadening
of the size distribution depicted in Fig. 4 shows that the
theory by Twomey15 is fundamentally wrong because it does
not account for turbulent dispersion.
In Fig. 5 we compare the droplet size distributions after
time te=100 s at five different altitudes ze. Sampling spaces
at high altitudes ze are predominantly populated by droplets
which son averaged have experienced higher supersaturations
than droplets at low altitudes ssee Fig. 3d. Therefore, the
mean size of droplets at high ze is larger than at low ze, and
this trend is clearly visible in Fig. 5. The variance of fsrdd,
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however, does not seem to be affected much by the altitude,
as the droplet size distributions are relatively broad for all
altitudes considered.
We determine the fraction of evaporated droplets by
counting the number of evaporated droplets Nd,evap in the
simulations presented in Fig. 5 and comparing them to the
total number of droplets Nd,tot initially released in the flow.
The ratio Nd,evap /Nd,tot is plotted in Fig. 6. It is clear that
more droplets evaporate at lower values of ze, which is a
consequence of the supersaturation being smaller at lower
altitudes, and therefore, the fraction of droplets experiencing
negative supersaturation is higher. The high initial evapora-
tion rate is due to the fact that some of the droplet trajectories
have a starting point zds0d in a region where s,0: These
droplets evaporate almost immediately.
It is important to note that droplet nucleation after t=0 is
not taken into account in our model. In reality, however, a
new droplet may grow along the trajectory of a previously
evaporated droplet. We neglect the regeneration of droplets
for the sake of simplicity, but this phenomenon is likely to be
present in atmospheric clouds and could eventually result in
a multimodal droplet size distribution function.
We now give a brief interpretation of the results in terms
of the relevant parameters of the problem which ultimately
determine the temperature and supersaturation profiles. By
doing so, we provide an analytical estimate for the broaden-
ing of the droplet size distribution function in the course of
time. It follows from Eq. s9d that the surface of the droplet
Sdstd;4prd
2std changes as
S˙ d = Gs, with Sds0d = 4pr0
2
, s24d
where G=8pDvarv
s /rd. Most droplets in our simulations ex-
perience temperature variations that are so small that G re-
mains approximately constant. In addition, in the simplified
condensation model, the equation for the supersaturation, Eq.
s13d, can be integrated to obtain
sstd = sfzdstdg = Afzdstd − zrefg s25d
for a constant value of the parameter A=Gdsln r
v
sd /dT,
which is a reasonable approximation in our case where the
temperature variations are relatively weak. In fact, Eq. s25d
stems from a local linearization of the adiabatic supersatura-
tion profile shown in Fig. 3. The value zref denotes the refer-
ence altitude for which the supersaturation is zero. It is easy
to integrate Eq. s24d along the trajectory of a droplet using
Eq. s25d, and the result is
Sdstd = 4pr0
2 + GAzstd s26d
with
zstd ; E
0
t
fzdst8d − zrefgdt8. s27d
Thus, Sdstd is proportional to zstd and their statistics, deter-
mined by averaging over a large number of droplets, are
similar,
PDFszd = PDFSSd − 4pr02GA D , s28d
where PDF denotes the probability distribution function. In
other words, one could, in principle, estimate the droplet size
distribution at a given altitude ze by using only the statistics
for the dispersion.
We show the PDF of z at te=100 s in Fig. 7 for droplets
which have a final position in a sampling area of size
L2= s500 md2 at altitude ze=1350 m. In the same graph, we
also show the PDF of the mean supersaturation smsted along
the trajectory of a droplet, defined as
smstd ;
1
t
E
0
t
sst8ddt . s29d
It is noted that we include all droplet trajectories in generat-
ing these PDFs, i.e., including those for which droplets
evaporate completely. In order to allow direct comparison,
the PDFs are shown as a function of the scaled standardized
variables,
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xz8 ;
z − kzl
Îvarszd
, xsm
8 ;
sm − ksml
Îvarssmd
, s30d
where vars · d stands for the variance obtained from averaging
over all droplets. We see a perfect agreement, as is expected
from the linearity of Eq. s25d. In addition, it is noteworthy
that the PDFs are symmetric, which follows from the isot-
ropy of the flow field, and furthermore, they are almost per-
fectly Gaussian.
Next, we investigate the correlation between the param-
eter z and Sd. In Figs. 8sad and 8sbd we show the PDF of the
normalized quantities xz8 and xSd8 swith xSd8 obtained analo-
gously to xz8d only for droplets that have not evaporated, for
sampling altitudes ze=1350 m and ze=1380 m, respec-
tively. In both figures we see a perfect agreement between xz8
and xSd8 , which confirms our analysis presented in Eq. s28d.
From comparing Fig. 8sad with Fig. 8sbd, it is clear that the
PDF of xSd8 is more symmetric for higher ze. This can be
explained as follows. Any asymmetry in the graphs is purely
due to the evaporation of droplets because the PDF of z
measured for all droplets sevaporated and nonevaporatedd
should be symmetric due to the isotropy of the turbulent
flow. If ze increases, the number of evaporated droplets de-
creases ssee Fig. 6d and therefore, the standardized PDF of
Sd becomes more symmetric. Figures 8sad and 8sbd also
show the PDF of the standardized droplet radius xrd8 , which is
remarkably close to Gaussian. This is probably a coincidence
since there is no evidence that the PDF of rd is directly
governed by a Gaussian process.
The evolution of the mean and variance of the PDF of
Sd in the course of time can be estimated on the basis of the
mean and the variance of the PDF of z. Since
zdstd = ze − E
t
te
wst8ddt8, s31d
where w is the vertical velocity component of the flow field,
and due to symmetry, it is clear that kzl= sze−zrefdt. The vari-
ance kz2l− kzl2 is given by
kz2l − kzl2 = 2kw2lE
0
t E
0
t8
jst8,t9;teddt9dt8, s32d
where
jst8,t9;ted = E
t8
te E
t9
te
Rsua − buddadb . s33d
Here, Rsuxud is the Lagrangian correlation coefficient for
which Rs0d=1, and
E
0
`
Rsxddx = tw, s34d
where tw denotes the integral time scale. Due to statistical
stationarity of the flow field, the term kw2l is a constant.
Differentiation of Eq. s32d then yields
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d
dt
skz2l − kzl2d = 2kw2lE
0
t
jst,t8;teddt8. s35d
As Rsxd.0, it follows also that jst , t8 ; ted.0 and, therefore,
we find d /dtskz2l− kzl2d.0, implying that for an ensemble
of droplets, the variance in zstd increases as we follow the
droplets in the course of time. We can estimate the mean and
the variance of the droplet surface distribution PDFsSdd at
altitude ze in the course of time as
kSdl = 4pr0
2 + GAkzlstd = 4pr0
2 + GAsze − zrefdt ,
s36d
d
dt
svarsSddd = 2G2A2kw2lE
0
t
jst,t8;teddt8.
This shows that the average droplet size increases when
ze.zref, and that the PDF of Sd becomes broader in the
course of time. Note that this analysis is only valid if droplet
evaporation can be neglected.
Finally, we investigate whether a broad size distribution
is observed in small sampling spaces. We calculate the drop-
let distribution in sampling areas of six different sizes L2 in
one realization of the flow field and show the result in Fig. 9.
It appears that the droplet size distribution is broad in all
sampling areas, also within sampling areas of the size of
L2= s1 cmd2. It is thus demonstrated that the condensation
process leads to a broad size distribution within volumes
comparable to the smallest scales of turbulence. Like the
explanation of Celani et al.,19 both large scales and small
scales are responsible for the spectral broadening at small
scales: Large scales are necessary to create sufficiently large
differences in supersaturation among droplets, whereas the
small-scale fluctuations can mix droplets of different sizes.
This process can be illustrated in our model by calculating
the droplet size distribution in a small sampling area of size
L2= s1 cmd2 in a flow field in which only the large-scale
wavemodes 1#n#10 are accounted for in Eq. s2d, and in a
simulation in which only the small-scale wavemodes
191#n#200 are considered. In Fig. 10sad we compare both
results with the predictions for L2= s1 cmd2 in which all 200
wavemodes have been taken into account. Apparently, nei-
ther the model in which the small scales have been ne-
glected, nor the simulation in which the large scales have
been neglected are able to predict a broad size distribution in
a small sampling space. Furthermore, Fig. 10sbd shows that
the distribution is nearly uniform in case only the large scales
of motion are included, whereas the distribution tends to be
Gaussian-like when only the smallest scales are considered.
Since both size distributions are very narrow, it is clear that a
realistic model for droplet condensation in clouds should in-
clude both the large scales and the small scales of turbulence,
as both of them are vital in the process of spectral broaden-
ing.
All results in this section have been obtained with the
simplified condensation model, which does not take into ac-
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count the feedback of the droplet condensation on the carrier
flow. The extent to which these phenomena affect the growth
of droplets is quantified in Sec. III C.
C. Results for two-way coupled condensation model
We now present the results for the two-way coupled con-
densation model. The initial conditions for the droplet radius,
temperature, and supersaturation are the same as in the sim-
plified condensation model, and the same holds for the nu-
merical methods used. In the two-way coupled model, two
additional parameters have to be chosen in comparison to the
simplified model: the partial air density, which has only mi-
nor variations in clouds, is assigned a constant value of
ra=1.2 kg m−3 in all simulations, whereas the droplet num-
ber density nd, which may differ from cloud to cloud, is
systematically varied in the following.
First, the evolution of the droplet size distribution is
shown in Figs. 11sad and 11sbd for an altitude of ze=1350 m,
and in Figs. 11scd and 11sdd for an altitude of ze=1380 m.
The sampling area is taken as L2= s500 md2, whereas the
droplet number density is chosen as Nl= s5hkd−3. The data
obtained with the simplified coupled model susing the same
parameter settingsd are also shown sindicated by the lines
with filled symbols, also see Fig. 4d for comparison. From
these figures it is clearly observed that vapor depletion and
latent heat slow down the droplet growth considerably so
that the mean droplet size predicted with the two-way
coupled model is consistently smaller than that predicted
with the simplified coupled model. The differences between
the two models are especially manifest for te.10 s, as the
variance of the droplet size distribution for the two-way
coupled model is significantly smaller. The initial growth of
droplets from sizes of 0.1–5 mm does not seem to be sig-
nificantly affected by vapor depletion and latent heat.
The results plotted in Figs. 11scd and 11sdd for the higher
altitude ze=1380 m show the same trends as those corre-
sponding with ze=1350 m. For both altitudes, the droplet
size distributions tend to a steady state, as the results corre-
sponding to te=80 s and te=100 s are almost identical. As
can be expected from the analysis presented in Sec. III B, the
mean droplet radius is higher for ze=1380 m than for
ze=1350 m. The size distribution predicted with the two-
way coupled model is still broad for both altitudes, so it can
be concluded that the phenomena of latent heat release and
vapor depletion do not qualitatively affect the spectral broad-
ening. They mainly seem to affect the average size and vari-
ance of the droplet size distribution, but not the shape of the
distribution function itself.
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FIG. 11. sColor onlined Droplet radius distribution function fsrdd for seven different instants of time te: sad and sbd correspond to ze=1350 m, scd and sdd
correspond to ze=1380 m. In sad and scd, the size distributions for te$5 s are plotted on the right vertical scale. The lines with open symbols have been
obtained with the two-way coupled condensation model, with L2= s500 md2 and Nl= s5hkd−3=0.83107 m−3. The data for the one-way coupled simulation
obtained with the same parameter settings sfilled symbols, also see Fig. 4d are shown for comparison.
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We can explain these results in more detail as follows. If
the supersaturation is small ss!1d, Eq. s13d can be rewritten
using Eq. s18d to obtain
ds
dt
. Gu · ez
d
dT
sln r
v
sd − sS 1
ts
+
1
tL
D , s37d
where the time scale associated with the latent heat release
tL is equal to
tL =
raCp,a
4prdndDvaL
SdrvsdT D
−1
. s38d
Thus, vapor depletion and latent heat release have very simi-
lar effects on the supersaturation. Comparison between Eqs.
s14d and s38d shows that ts and tL are related by
ts
tL
=
L
raCp,a
dr
v
s
dT
, s39d
which ratio is plotted in Fig. 12sad as a function of the tem-
perature surrounding the droplet. Apparently, the effect of
latent heat is dominant if T*280 K, whereas the effect of
vapor depletion is more important if T&280 K.
The actual value of ts depends only weakly on the pres-
sure and the temperature through Dva, and it can therefore be
estimated on the basis of the droplet number density nd and
the droplet radius rd; the result is plotted in Fig. 12sbd. The
time scale ts is inversely proportional to rd, and hence the
effect of vapor depletion fand thus, also the effects of latent
heat release at a given temperature, see Fig. 12sadg becomes
more important as the droplet grows. For instance, at a num-
ber density nd= s5hkd−3 and a droplet radius smaller than
5 mm, ts is much larger than the time scale in which the
condensation process takes place sL0 /U0,100 sd. Therefore
the condensation process of droplets with rd&5 mm is
hardly hampered by vapor depletion and latent heat release,
which is confirmed by Figs. 11sad–11sdd.
Figure 12sbd also illustrates the importance of the droplet
number density: The higher the number density, the less vol-
ume of air/water mixture is available per droplet and the less
the droplets are able to grow. This is confirmed by Fig. 13,
where we have plotted the droplet distribution function at
ze=1350 m and te=100 s for several values of nd. Indeed,
the droplet growth is most impeded for the highest number
density considered snd=hk
−3d, whereas the graph for nd
= s10hkd−3 is only slightly different from the droplet size dis-
tribution at te=100 s shown in Fig. 4.
Finally, we test the sensitivity of the resulting droplet
size distributions to the size of the sampling area L. The
droplet size distributions obtained for the two-way coupled
model with nd= s2hkd−3 are plotted in Fig. 14 for six different
values of L in one realization of the flow field. We see that a
broad droplet size distribution is found for L$10 m,
whereas the variance is much smaller for L#1 m. This is
different from the results obtained with the simplified model
ssee Fig. 9d, where the variance was observed to be almost
equal for all sampling sizes. This difference in behavior be-
tween the two-way coupled and the simplified models can be
explained by comparing the typical time scale for dispersive
motion of droplets to set in sdenoted by tdd to the condensa-
tion time scale ts. Droplets that are released in a small sam-
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The results have been obtained with the two-way coupled condensation
model, with L2= s500 md2.
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pling space and traced backward in time are dispersed to
different regions somewhat later than droplets that are re-
leased further away from each other fsee Fig. 2sbdg. Thus, td
is smaller for the latter droplets. As all droplets end up at the
same altitude ze at time t= te, the dispersive motion takes
place during 0, t, te−td, whereas the influence of vapor
depletion effectively sets in for t.ts. If te−td,ts, the varia-
tion in droplet size stems from the dispersive motion through
different supersaturation fields. If te−td.ts, however, the
effect of vapor depletion causes a locally equilibrated size of
each droplet regardless of the droplet’s origin, which results
in a narrower droplet size distribution. This explains why the
droplet size distribution is much broader for the larger sam-
pling spaces. Despite this difference in broadening of the
droplet size distribution, it may still be concluded that some
broadening has occurred for the small sampling spaces, as is
observed from Fig. 9, i.e., some spectral broadening also
takes place even if the effects of latent heat release and vapor
depletion are taken into account.
From the results presented in this section fsee Figs. 11scd
and 11sddg it becomes clear that the droplet size distribution
within a fixed sampling area becomes statistically stationary
after a sufficiently long time. We can estimate the average
size of a group of droplets in this equilibrium situation,
krdleq, by the following heuristic approach. First we reformu-
late Eq. s37d in an Eulerian frame of reference as
]s
]t
+ u · ¹s = Gu · ez
d
dT
sln r
v
sd − sS 1
ts
+
1
tL
D . s40d
To facilitate further analysis, we assume that i¹si
!Gdsln r
v
sd /dT so that the convection term can be excluded
from Eq. s40d. By averaging over all droplets in the sampling
area, bearing in mind that both ts and tL depend on the
droplet size fsee Eqs. s14d and s38dg, we obtain the following
expression:
]s
]t
= Gu · ez
d
dT
sln r
v
sd − sSK 1
ts
L + K 1
tL
LD . s41d
If the turbulent velocity fluctuations are accurately described
by a Gaussian random noise, we can write Eq. s40d in the
form of a stochastic differential equation,32
ds . − sSK 1
ts
L + K 1
tL
LDdt + G ddT sln rvsdÎ2DzdW , s42d
where dW denotes an increment of a Wiener process, and
Dz; limt→` t−1
1
2 kuzstd−zs0du2l is the diffusion coefficient of
droplets in the vertical direction. Since the flow is statisti-
cally isotropic, Dz=
1
3Dturb, where Dturb is the three-
dimensional diffusion coefficient which can be determined
from Fig. 2sad. Equation s42d describes an Ornstein–
Uhlenbeck process,32 for which the steady-state solution of
the PDF is a Gaussian distribution with a mean s¯=0 and a
variance equal to
varssd = s2 = SG ddT sln rvsdD
2
DzSK 1
ts
L + K 1
tL
LD−1. s43d
It is noted from Eqs. s14d and s38d that tL and ts are both
inversely proportional to the droplet radius so that k1 /tsl
+ k1 /tLl=bkrdleq, where krdleq is the droplet radius averaged
over all droplets situated in the small volume around x, and
where the factor b is given by
b = 4pDvandS1 + dsrvsd/dT
raCpa
D . s44d
Therefore, Eq. s43d can be rewritten as
krdleq = ss
2d−1S hGdsln rvsd/dTj24pnd DS
Dz
Dva
DS1 + dsrvsd/dT
raCpa
D−1.
s45d
Thus, we have now found an explicit expression for the av-
erage droplet radius in an air parcel located at position x. The
expression is valid in the long-time limit in which a statisti-
cal equilibrium exists. Equation s45d depends only on the
droplet number density nd, the turbulent diffusion coefficient
Dz, the mean-square supersaturation fluctuations s2, and the
temperature sthrough Dva, G, dsln rv
sd /dT, and ts /tLd. In the
flow field employed in the present study, the turbulent diffu-
sion coefficient Dz.15 m2 /s and the rms supersaturation
fluctuations are approximately 1%. Using these values, we
calculate krdleq as a function of temperature for four different
values of nd and plot the result in Fig. 15.
It is observed that the order of magnitude of krdleq cor-
responds reasonably well to the order of magnitude observed
in previous graphs. For example, krdleq.10−5 m for
nd= s5hkd−3 and T=280 K, which corresponds to the situa-
tion in Fig. 11sad. Since the value of krdleq decreases moder-
ately with temperature, it is logical that the eventual droplet
radius at higher altitudes fsee Fig. 11sddg is somewhat large
than at lower altitudes fsee Fig. 11sbdg. More generally, the
present analysis suggests that the largest droplets are found
in the coolest regions of a cloud.
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The results obtained with the two-way coupled model
are qualitatively in agreement with the observations by
Celani et al.20 and Lanotte et al.:21 both studies report a
broadening of the droplet size distribution, with droplet
growth slowing down once a significant fraction of vapor has
been absorbed. This agreement is not a surprising outcome
since the physics incorporated in the present condensation
model is to large extent similar to that employed in Refs. 20
and 21. The main difference between our two-way coupled
model and their Eulerian–Lagrangian models, apart from that
our model allows for the simulation of all scales in the tur-
bulent spectrum usually present in atmospheric clouds, is
that we do not account for exchange of energy and vapor
between our droplet/air parcels and the ambient cloud envi-
ronment. This means that on the one hand, the effects of
vapor depletion and latent heat release are overestimated by
our two-way coupled model, but on the other hand, our one-
way coupled model ssimplified modeld clearly underesti-
mates these effects. Thus with respect to these influences, the
models employed in Refs. 20 and 21 lie somewhere between
our one- and two-way coupled models, which explains why
there is good qualitative agreement between the predictions.
In quantitative sense, a direct comparison is less appropriate
not only because certain details of the physics are different,
as mentioned above, but also because the initial conditions
for the droplet radii are not identical. Celani et al.20 used an
initial droplet radius of r0=4 mm and Lanotte et al.21 set
r0=5 mm, whereas the present investigation employs
r0=0.1 mm. Quantitatively, the initial growth of droplets
thus proceeds very differently, but once the feedback effects
associated with vapor depletion and latent heat release be-
come significant, the quantitative agreement between the
predictions should be more favorable. Indeed, comparing the
data reported in Refs. 20 and 21 with the results in Fig.
11sbd, we find that the mean droplet sizes are of comparable
magnitude fOs10 mmdg, with our predicted size variance be-
ing slightly smaller than that in Refs. 20 and 21. This can be
attributed to the overestimated feedback effect in our two-
way coupled model, which results in more uniform super-
saturation histories of the droplets.
IV. CONCLUSIONS
In this paper the condensation of microdroplets in atmo-
spheric clouds has been investigated theoretically and nu-
merically. Droplets have been followed through a synthetic
turbulent flow field composed of 200 random Fourier modes,
with wave numbers ranging from the integral scale
fOs102 mdg to the Kolmogorov scale fOs10−3 mdg. Two
fully Lagrangian droplet growth models have been devel-
oped: a two-way coupled model which includes adiabatic
cooling, vapor depletion, and latent heat, and a simplified
model where the latter two are neglected.
The simulations with the simplified model demonstrate
that the droplet size distribution becomes broader in the
course of time. At higher altitudes, the mean radius of drop-
lets is larger than at low altitudes and the number of droplets
evaporating decreases. We show analytically that the PDF of
the droplet surface Sd is related to the turbulent dispersion of
droplets and becomes broader in the course of time. At alti-
tudes where the supersaturation is close to zero, the PDF of
Sd is positively skewed due to the effect of droplet evapora-
tion, whereas the PDF of the droplet radius is very similar to
a Gaussian distribution.
By testing different ranges of wavemodes, it is illustrated
that the spectral broadening on centimeter scales is caused by
both large scales of turbulence and small scales: large scales
transport droplets through regions of different supersatura-
tions, whereas small scales mix droplets of different sizes.
While the simplified condensation model neglects vapor
depletion and latent heat release, their effects are slightly
overestimated in the two-way coupled condensation model,
as we have neglected mechanisms such as diffusion, which
allow the parcel to exchange water vapor and thermal energy
with its surroundings. Nonetheless the results for the droplet
size distributions obtained with the two-way coupled model
are qualitatively similar to the results from the simplified
model, in the sense that broad droplet size distributions are
found for droplets with radius rd.10 mm. Quantitatively,
the droplet sizes obtained are smaller than in the simplified
model, and the droplet size distribution in the two-way
coupled case reaches a more narrow equilibrium shape after
a long time. The results have been explained by determining
typical time scales for the vapor depletion ts and for the
latent heat release tL. tL is shown to be smaller than ts for
high temperatures T*280 K so that latent heat release is
dominant over vapor depletion in this regime. Vice versa,
vapor depletion is more important than latent heat for
T&280 K. Since ts and tL are inversely proportional to the
droplet radius rd, both effects become more important as the
droplet radius grows. This is the reason why an equilibrium
is reached when the droplets have become sufficiently large.
The average droplet size in the equilibrium situation is of the
order of 10 mm for a realistic value of the droplet number
density nd such as s2hkd−1.18
To conclude, the present results demonstrate that the
condensation process in turbulent flow representative for at-
mospheric clouds leads to a broad droplet size distribution
within volumes comparable to the smallest scales of the tur-
bulent flow. This phenomenon is likely to be an essential
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FIG. 15. Long-time value of the average size of droplets in an air parcel
krdleq as a function of temperature calculated from Eq. s45d, for four differ-
ent values of the droplet number density nd. We have taken the turbulent
diffusion coefficient Dz=15 m2 /s and the rms of the supersaturation
Îs2=1%.
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ingredient in the rapid growth of droplets due to coalescence
in a subsequent stage of rain formation.
Although the approach in this study is specifically aimed
at predicting droplet condensation in atmospheric clouds, it
could be of importance in other turbulent flows with conden-
sation as well, especially if the condensation takes place non-
homogeneously and if the time scales of the condensation
process are comparable to the time scales of turbulent
mixing.
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APPENDIX A: SELECTION OF COEFFICIENTS
IN KINEMATIC SIMULATION OF FLOW FIELD
In this appendix we describe how the random coeffi-
cients kn, An, Bn, and vn that appear in Eq. s2d are selected.
The wave vectors kn are chosen such that the following
model energy spectrum33 is approximately satisfied,
Eskd = ak−5/3fLskLdfhskhkd, k1 # k # kN,
Eskd = 0, otherwise,
where k;iki, and L0 denotes the integral length scale. The
function fLskL0d is a correction to the standard 25/3-
spectrum that incorporates the contribution of the largest
scales of motion, and is given by
fLskL0d = F kL0ÎskL0d2 + CLG
5/3+p0
, sA1d
with CL=6.78 and p0=2. Similarly, the function fhskhkd in-
corporates the contribution of the eddies in the dissipative
range, and is given by
fhskhkd = exps− bhfskhkd4 + Ch4g1/4 − Chjd , sA2d
with Ch=0.40 and b=5.2. The factor a contained in the
energy spectrum is related to the energy dissipation rate e by
a~e2/3, and is obtained from the condition
E
0
`
Eskddk =
3
2
U0
2
, sA3d
where U0 is a specified reference velocity. Figure 1 shows
the energy spectrum that is used to generate the velocity field
in the present investigation.
The norms kn;ikni are distributed in logarithmic fash-
ion between the wave numbers associated with the maximum
length scale Lmax and the Kolmogorov length scale hk,
k1 =
2p
Lmax
, kN =
2p
hk
, kn = k1S kNk1 D
sn−1d/sN−1d
for 1 , n , N . sA4d
The maximum length scale Lmax should be larger than L0,
and its value is set equal to 5L0 in this study. The wave
numbers kn are determined by setting kn=knen, where en is a
unit vector whose direction is randomly chosen. This is
achieved by taking en= sÎ1−h2 cos u ,Î1−h2 sin u ,hdT,
where the variables h and u are randomly sampled from the
respective domains f21,1g and f0,2pg based on a uniform
probability distribution. In order to ensure that the velocity
field satisfies the energy spectrum, the norms of the ampli-
tude coefficients An and Bn are determined from
iAni2 = iBni2 = 2E
kn−1/2
kn+1/2
Eskddk , sA5d
where kn61/2= skn+kn61d /2. The direction of An is specified
by setting An= iAnian; the unit vector an has a random direc-
tion in a plane which is orthogonal to kn, and is calculated by
an =
tn 3 kn
itn 3 kni
, sA6d
where the randomly directed unit vector tn is determined in a
similar fashion as en. Determination of the amplitude coeffi-
cients Bn proceeds in a similar way as outlined for An.
The velocity field is completed by specifying the angular
frequencies vn, which are chosen to be proportional to the
eddy-turnover time associated with the nth Fourier mode,34
vn = lÎkn3Esknd , sA7d
where l is the so-called unsteadiness parameter, which is
generally taken to be 0#l#1. In this investigation its value
is set to unity: l=1. Other values of l si.e., l=0.1 and
l=0.5d have been tested as well, but they did not alter the
dispersion statistics of the resulting flow field qualitatively.
APPENDIX B: LIQUID PROPERTIES
AND CONSTANTS
In this appendix, the material properties that have been
used in the present research are summarized. The specific
heat capacities for dry air are4 Cp,a=1004.0 J kg−1 K−1 and
C
v,a=716.96 J kg−1 K−1. The gas constant thus becomes Ra
=Cp,a−Cv,a=287.04 J kg−1 K−1. The specific latent heat L is
a function of the temperature of the evaporating liquid. For
water at temperatures between 200 K,T,300 K it can be
approximated by4
L = AL,0 + AL,1T sB1d
with
AL,0 = 3 105 913.39 J kg−1
and
AL,1 = − 2212.97 J kg−1 K−1.
The saturation vapor density r
v
ssTd can be determined
from35
r
v
s
=
ps
sCp,v − Cv,vdT
, sB2d
where pssTd is the saturation vapor density given by
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ps = expSAp,1 + Ap,2T + Ap,3T2 + Ap,4 lnsTd + Ap,5T D , sB3d
with Ap,1=21.125, Ap,2=−2.7246310−2, Ap,3=1.6853
310−5, Ap,4=2.4576, and Ap,5=−6094.4642.
The binary diffusion coefficient Dva is a function of tem-
perature and pressure. The temperature is determined from
Eq. s18d, while the pressure can be obtained from the air
density ra and the temperature using the equation of state:
p=raRaT. The expression for Dva is given by27
Dva =
2.49
p S T295D
1.75
. sB4d
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